We prove some new inequalities involving an exponential mean, its complementary, and some means derived from known means by applying the exp-log method.
Introduction
All the means that appear in this paper are functions M : In [16] , the first part of this paper, we have studied the exponential mean E = E(a,b) = be b − ae a e b − e a − 1 (1.3) introduced in [23] . Another exponential mean was defined in [19] by
It is the complementary of E, according to a definition from [4] , that is,
A basic inequality proved in [23] is E > A, (1.6) which gives the new inequality
More general means have been studied in [14, 17, 19] . For example, letting f (x) = e x in [14, Formula (5)], we recapture (1.6). We note that by selecting f (x) = logx in [14, Formula (8) ], and then f (x) = 1/x, we get the standard inequalities
(for history, see, e.g., [7] ). In what follows, for any mean M, we will denote by ᏹ the new mean given by
As we put a = e x , b = e y and then take logarithms, we call this procedure the exp-log method. The method will be applied also to some inequalities for deriving new inequalities. For example, in [16] we proved that 10) and so (1.8) becomes
In [16] , it was also shown that
(see also [6, 22] ). In [9] , the first author improved the inequality (1.6) by
This is based on the following identity proved there:
(1.14)
We get the same result using the known result
and the exp-log method. The aim of this paper is to obtain other inequalities related to the above means.
Main results
(1) After some computations, the inequality (1.6) becomes
This follows at once from the Hadamard inequality
applied to the strictly convex function f (t) = e t . We note that by the second Hadamard inequality, namely
for the same function, one obtains
which has been proposed as a problem in [3] . The relation (1.11) improves the inequality (2.1), which means that Ꮽ > ᏸ, and improves (2.4), which means that ᏸ > A. In fact, by the above remarks, one can say that 
Now, if |b − a| becomes small, clearly e |b−a|/2 approaches to 1, that is, the conjecture E > A λ of [23] cannot be true for any 1 < λ ≤ 5/3.
We get another double inequality from (1.5) and (1.6):
These inequalities cannot be improved. Indeed, for 1 < λ < 2, we have
thus E is not comparable with λA. On the other hand,
where f (x) = e x /(x + 1). By Cauchy's mean value theorem,
we get
By using the series representation By the exp-log method, we deduce
From the inequality
given in [5] , we have, by the same method,
Relation (2.23) may be compared with the left-hand side of (2.21). Take now the relation
from [5] . Since
The relation
from [13] , gives similarly
while the inequality
from [7] , offers the relation
The exp-log method applied to the inequality L > GI, (2.30) given in [2, 11] , implies that
On the other side, the inequality
proven in [11] , gives on the same way the inequality
After all, we have the double inequality
(2.34) (6) Consider now the inequality In fact, the relation
from [7] , gives log2 + E > log e ᏸ + e Ꮽ , (2.40) but this is weaker than (2.38), as follows from [8] . The inequalities (2.33) and (2.40) can be combined as
where the second inequality is a consequence of the concavity of the logarithmic function. We notice also that by By the exp-log method, we get
It is interesting to note that by the equality log I 2 √ a, In [12] , it is proved that These relations offer a connection between the means E and ᐁ.
